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1 Introduction 

In [3], E. Calabi proposed to deform a Kahler metric in the direction of the 
Levi-Hessian of its scalar curvature. This is called the Calabi flow and it is a 
fourth order fully nonlinear parabolic equation aiming to attack the existence 
of constant scalar curvature metric (cscK metric) in a fixed Kahler class. Note 
that a cscK metric is a fixed point of the Calabi flow while an extremal Kahler 
(extK) metric is a soliton-type solution. A Kahler metric is called extremal if 
the complex gradient vector of its scalar curvature is holomorphic. In particular 
a Kahler-Einstein metric is an extK metric. The existence of extK metric is 
one of the central problems in Kahler geometry. The stability conjecture (Yau- 
Tian-Donaldson conjecture) in Kahler geometry asserts that the existence of 
extK metric is equivalent to the stability of the underlying Kahler structure in 
geometric invariant theory. However, a cscK metric (or extK) satisfies a fourth 
order nonlinear partial differential equation. It is hard to attack its existence 
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problem directly. The study of the Calabi flow seems to be an effective method. 
In |14j , Donaldson described the limit behavior of the Calabi flow in a concep- 
tual level, relevant to solving the stability conjecture in Kahler geometry. The 
first named author conjectured earlier [5] that the flow exists globally for any 
smooth initial Kahler metric. However there are rather few analytic techniques 
which can applied directly as the Calabi flow is a fourth order parabolic equa- 
tion. On Riemann surfaces, P. Chrusciel showed that the Calabi flow exists for 
all time and converges to a constant Gaussian curvature metric, making use of 
the existence of such a metric and the Bondi mass in general relativity. Without 
using the Bondi mass, Chen [7], Struwe [52] gave a direct proof of Chrusciel's 
theorem independently. While in higher dimensions, the nonlinearity of the Cal- 
abi flow becomes more acute and the analytic difhculty becomes more daunting. 
But recently some progress has been made |37l [33] etc. 

In an earlier paper [9] , the authors proved that the main obstruction to the 
global existence of the Calabi flow is the bound of Ricci curvature. In particular 
the curvature blows up if the flow does not exist for all time. It is then natural 
to study the formation of singularities along the Calabi flow when the curvature 
blows up. We consider this problem by assuming that the Sobolev constants 
of the evolved metrics along the Calabi flow are uniformly bounded. The flrst 
result of this paper is 

Theorem 1.1. Let (M, [w], J) be a compact Kahler manifold. If the Calabi 
flow on (Af, [w], J) exists for time t e [0,T) with uniformly bounded Sobolev 
constants and the curvature tensors become unbounded when t oo, then 
there exists a sequence of points {xi,ti) e (Af, [0,T)) where lim ti ~ T and 

i — >oo 

lim \Riem{xi,tj)\ — Qi oo such that the pointed manifolds 

i — >oo 

(M, x„Q,g{t,+t/Ql),J) 

converge locally smoothly to an ancient solution of the Calabi flow 

(Afoo,a;oo,5oo(i), Joc),t G (-oo,0]. 

In particular, if (M, J) is a Kahler surface, for any t S (— oo, 0], goa{t) = goo(O) 
and (Moo, <7oo(0), Joo) is a scalar flat ALE Kahler surface with finite total energy. 

For simplicity, we call {Moo,goc) a maximal bubble along the Calabi flow. 
Theorem 11.11 asserts that a maximal bubble along the Calabi flow on a Kahler 
surface has to be scalar flat with asymptotically locally Euclidean (ALE) struc- 
ture at infinity. This property provides strong restrictions on the singularities 
that might form along the Calabi flow. See Section 4 for more details. 

Scalar flat ALE Kahler surfaces are studied extensively in literature, for 
instance, Kronhcimcr 24J, Joyce [23^, LeBrun pSl[?7] and Calderbank-Singer[B] 
etc. In particular, Kronheimer [24l |25] gave a complete classification in hyper- 
Kahler setting. In general the classification of scalar flat ALE Kahler surfaces 
seems to be hard. But the first named author believes that a scalar fiat ALE 
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Kahler surface is uniquely determined by its underlying geometric structure. 
However, a proof seems out of reach at this point. 

Recently Chen-LeBrun- Weber [TU] studied the existence of extK metrics in 

some Kahler classes on M - CP^pCP^; M can be obtained by CP^ blown up at 
two different points. They constructed an Einstein metric on M ~ CP^t|2CP^ 
which is conformal to an extK metric in a particular Kahler class. The strategy 
in [10] is to use continuous deformation of extK metrics and a weak compactness 
theorem for extK metrics [T? . A possible bubble in the deformation turns out 
to be a scalar flat ALE Kahler surface. A key step is to eliminate the formation 
of such a bubble by using the smallness of the Calabi energy. Theorem 11.11 
makes it possible for us to adopt the strategy in [10] , albeit new difficulty arises 
in our case. For instance the bound of scalar curvature plays a key role in [lOj 
while along the Calabi flow, such a bound is not known. Also we need to bound 
the Sobolev constants along the Calabi flow. Note that this is a non-collapsing 
(or local non-collapsing) result. In general it is hard to obtain non-collapsing 
result (or local non-collapsing) along a geometric evolution equation, such as 
Perelman's non-local collapsing result along the Ricci flow [30]. On Kahler 
surfaces with Ci > 0, we can actually bound the Sobolev constants along the 
Calabi flow geometrically. Combining all these together, we can prove that the 
Calabi flow exists for all time and converges to an extK metric in many classes on 
toric surfaces with ci > 0. For simplicity, we only present a particular example 

of our results. 

We consider M - CP^pCP^. M can be obtained by CP^ blown up at 
three generic points. This is known as a del Fezzo surface with tori symmetry. 
Its automorphism group contains a compact two-torus T^. A metric which is 
invariant under the action of is called a toric metric. Calabi showed that any 
extK metric admits the maximal symmetry that the manifold allows [4 ; namely 
an extK metric is invariant under the identity component of a maximal compact 
subgroup of the automorphism group of the manifold. This implies that any 
extK metric on M has to be toric. Let H he & hyperplane in CP^. After 
blown up, we still use H to denote the corresponding hypersurface on M and 
Ei,i = 1, 2, 3 to denote the exceptional divisors. For simplicity, we use [H], [Ei] 
to denote the homology classes and their Poincare dual-the cohomology classes. 
A Kahler class on M can be described as [uj]x.y^z — 3[H] — {x[Ei]+y[E2] + zlE^]) . 
When X = y ^ z, the Kahler classes [uj]^ = 3[H] - x([Ei] + [E2] + [E3]) are 
invariant under the action of Z3, which acts on exceptional divisors as a cyclic 
group. Note that the positivity condition of a Kahler class requires that x G 
(0, 3/2) and M degenerates to CP^ when a; = 0, 3/2. We will give a full detailed 
discussion for a; = 1/2. We can also prove similar results for any x G (0,3/2) 
using the same method. We will give a rough discussion and state our theorem 
for X G (0, 3/2) in appendix. 

Theorem 1.2. Let [uj] = 3H -l/2{[Ei] + [E2] + [E3]) on M . Suppose the initial 
metric lvq G [to] is invariant under the toric action and the action of Z3 and 
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then the Calabi flow exists for all time with uniformly bounded curvature tensor, 
which converges to a cscK metric in the class [lo\ in the Cheeger-Gromov sense. 

Remark 1.3. A priori lower bound of the Calabi energy is 327r^(75/ll) for 
X = 1/2. Our result actually implies the existence of a cscK metric in this class 
which realizes this lower bound. 

The toric structure is only used to classify maximal bubbles. It will be inter- 
esting to remove this assumption and that will lead to some general existence 
of extK metrics on Kahler surfaces with ci > 0. 

The existence of extK metric is one of the central problems in Kahler geom- 
etry. One can see rapid developments in the last few years. We want to refer 
readers to [U [TSl [HI [TTl [5] etc. for further references in this subject. 

The organization of the paper goes as follows: in Section 2 we recall some 
basic facts in Kahler geometry and the Calabi flow. In Section 3 we calculate the 
evolution equations for the curvature tensor and derive some integral estimates 
along the Calabi flow. In Section 4 we discuss the formation of the singularities. 
We will prove Theorem 11.11 and use it to prove some general properties. In 
Section 5 we give some detailed description of scalar flat Kahler surfaces, in 
particular with toric assumption. In Section 6 we prove Theorem 11.21 We 
exhibit the details, for the particular case, how to bound the Sobolev constants 
and how to rule out bubbles. In appendix we discuss our results roughly in 
general case. 

Acknov^rledgement: The first named author wishes to thank G. Tian for in- 
sightful discussions on this topic. He is also grateful to S. K. Donaldson and C. 
LeBrun for many discussions on four dimensional geometry. The second named 
author would like to thank Song Sun and Brian Weber for insightful discussions. 
He is also grateful to Zheng Hua, Jeff Viaclovsky and Bing Wang for valuable 
discussions. The present version is thoroughly rewritten and the authors are 
grateful to the referee for numerous suggestions. 

2 Preliminary 

Let (M, [w], J) be a compact Kahler manifold of complex dimension n. A Kahler 
form on M in local coordinates is given by 

ijj ~ y/—lgijdz^ A dz^ , 

where {gij} is a positive definite Hermitian matrix. The Kahler condition is 
doj = 0. In local coordinates, it says that 

dzj^ dzj ' dzk dzi 

Note that the Kahler class [co] E iJ^(Af, R) is a nontrivial cohomology class. By 
99-lemma, any other Kahler form in the same cohomology class is of the form 

Lu^ = LO + iddip > 0, 
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for some real valued function Lp on M. The corresponding Kahler metric is 
denoted by g^p — {gfj + (p^fj ) dz* ® dzK For simplicity, we use both g and to to 
denote the Kahler metric. Define the space of Kahler potentials as 

Given a Kahler metric w, its volume form is 

d5 ^ = (\/^)" det {gi^)dz^ /\ dz'^ A ■ ■ ■ A dz"^ A dz". 
The Ricci curvature of w is given by 

Rfj = -(9,9jlogdet (5^;-). 
Its Ricci form p is of the form 

p ~ iRijdz^ A dz^ — —ididj log det {gj^i)dz^ A dz^ . 

It is a real, closed (1,1) form. The cohomology class of the Ricci form is the 
famous first Chern class ci(M), independent of the metric. 

In 1980s, E. Calabi [2113] introduced the Calabi functional as 

C{uj^) = / Rldg^, 

J M 

where R^p is the scalar curvature of uo^^. Let R be the average of the scalar 
curvature, which is a constant depending only on the class [uj] and the underlying 
complex structure. Usually we use the following modified Calabi energy 

C(wy) = / [R^p-Rfdg^ 
Jm 

to replace C{ujcp) since they only differ by a topological constant. Calabi studied 
the variational problem to minimize J^^ \Rm\'^dg in Ti^^, which is equivalent to 
minimize the Calabi functional C{uj). A critical point is either a cscK metric or 
an extK metric depending on whether the Futaki character [191 El vanishes or 
not. The Futaki character = JF^ : ()(M) ^ C is defined on the Lie algebra 
i){M) of all holomorphic vector fields of M as follows, 

MX) = - f X{Fp)dg^, 

where X e i){M) and is a real valued function defined by 

/\ ^ — R^ R , 

where Ai^ is the Laplacian operator of the metric lo^. The Calabi flow [3] is 
defined by 



Under the Calabi flow, we have 



^ [ {Rf- Rfdg^ = -2 / {D^R^, R^) dg^ < 0, 

where is Lichnerowicz operator with respect to uj^ . The Lichnerowicz oper- 
ator D is defined by 

Df = /,a/3"^ 

where the covariant derivative is with respect to cu. The Calabi flow enjoys many 
wonderful properties. For instance, it is the gradient flow of both the Calabi 
energy and the Mabuchi energy. It also decreases the distance function in the 
space of Kahler metrics [5]. Assuming the long time existence, S. Donaldson 
[2] described the convergence properties of the Calabi flow conceptually and 
made conjectures regarding the convergence of the Calabi flow, and he also 
related the convergent behavior of the Calabi flow to the stability conjecture 
(Yau-Tian-Donaldson conjecture) in Kahler geometry. 

3 The evolution equations along the Calabi flow 

In this section, we study the evolution equations of the curvature tensor under 
the Calabi flow and prove some integral estimates. In particular, we give in- 
terpolation formulas of curvature tensors under the Calabi flow, similar to the 
results of R. Hamilton in Ricci flow 21). 



Theorem 3.1. If the curvature is bounded along the Calabi flow, then 

[ \V^Rm\'^dg <-]- ( \V''+^Rm\^dg + C [ \Rm\^dg, 
Jm 2 J^j Jj^ 



d_ 

dt 



'M ^ JM Jm 

where C — C(n, fc, max |i?m|) is a constant. 

The evolution equation of the curvature tensor (Riemannian curvature) is 
given by 

d 

—Rm = -VVVVi? + Rm * V^i? , , 

dt (3.1) 

= -A'^Rm + V'^Rm * Rm + VRm * VRm, 
where we use * to denote possible contractions of tensors for simplicity. 
Lemma 3.2. The evolution for high derivatives of Riemannian curvature is 

-^V'^'i?™ = -A^V'^iJm + V V^Rm^Vmm. (3.2) 
at 

i+j=k+2 
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Proof. Note that for any tensor T, by interchanging the derivatives 

VAT = AVT + WRm *T + Rm* VT. 
If /c = 0, this is true by (|3.ip . We proceed by induction on n. This gives 

dt ^dt ' 

\ t+j = fc+2 ) 

= -VA2v'=i?m+ ^ V'Rm^^'Rm 

i+j=k+3 
i+j=k+3 

This completes the proof. □ 

Lemma 3.3. In complex setting, for any tensor T , the different norms are 
relevant as the following, 

I \AT\^dg^ I |VVrpd5+ / Rm*T*S/^T (3.3) 
Jm Jm Jm 

and 

/ |Arpdg=i/ \W^T\^dg+ Rm*T*W^Tdg+ Rm*WT*WTdg. 

(3.4) 

Proof. Integration by parts, 

/ |Arpdg= / T,ijT,fjdg= / T,qT,fidg ^ I T,qT,ijdg+ I Rm^T^V^T. 
Jm Jm Jm Jm Jm 

This gives p.3p . Similarly, 

/ |ATpdg= / T,ijT,jjdg+ / Rm*T*\'Tdg+ / Rm ^VT ^VTdg. 
Jm Jm Jm Jm 

Combine them, 

/ \AT\^dg^- I \W^T\dg+ I Rm*T*WTdg+ [ Rm*VT*VTdg. 

This completes the proof. □ 

Lemma 3.4. Along the Calabi flow, we have 
d_ 

dt 



[ \V^Rm\^dg = - ( \V^+'^Rm\'^dg+ V ( V' Rm Rm Rmdg 

Jm Jm ^+J=k+2 

+ / Rm^V^+'^Rm^V^+^Rmdg. 
Jm 



im 

(3.5) 
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Proof. We compute 

^ J \V^Rm\'^dg^ l^^V'' Rm,V'^Rm^ dg + j (v'^Rm, ^V'^Rm^ dg 

+ / V'^Rm*V^Rm*V^Rmdg. 
Jm 



By (|3.2p . we compute 

d_ 
dt 



^V''Rm = -l\'^V^Rm+ V V^Rm^V'Rm, 



i+j=k+2 



dt dt ^ 

i+j=k+2 



It gives that 



d_ 

dt 



I \W^Rm\^dg = -2 / |AV''i?mpdg+ V / \/'Rm*Vmm*\/''Rmdg 
= ~f \V''+^Rm\^dg+ I V'Rm*V^Rm*V^Rmdg 



+ / Rm*V''+^Rm*V''+^Rmdg. 

' M 



□ 

To derive integral estimates, we need some interpolation inequalities for ten- 
sors. These inequalities p.6p p.7p and (|3.8p are due to R. Hamilton 21J and 
we list them below for the sake of completeness. Note that the estimates do not 
depend on the metrics evolved. 

Lemma 3.5. (Interpolation inequalities for tensors) Let M he a compact Rie- 
mannian manifold of dimension n and T he any tensor on M . Suppose 

111 

— i — = — with r > 1. 
p q r 

Then 

1 11 
iVTp-dgj ^ <{2r~2 + n) \V^T\Ug^ ' iTl'dgj ' . (3.6) 

Corollary 3.6. 

/ \V'T\^*'''dg <Cuiia^\T\^''''-^ I \V*'T\^dg. (3.7) 
JM ^' Jm 
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(3.8) 



Corollary 3.7. 

/ \y^T\'dg < C ! [ \V''T\^dg\^ {[ \T\^dg 

Now we are ready to to prove Theorem 13. II 
Proof. Recall 

^ / \V''Rm\'^dg = - [ \V''+'^Rm\'^dg + V / Rm Rm ^V'' Rmdg 

+ / Rni^V^+'^Rm^V^+^Rmdg. 
Jm 

We know that 

j Rm*V^+^Rm*V^+^Rmdg <Cinax|i?m| j Rm\'^dg, 



and 



/ W'Rm*W^Rm*WRmdg 
Jm 



< 



i/(2fe+4) 



|V-''i?m|(2'=+4)/Jd5 



i/(2fc+4) 



Um j Um ) 

with i + j = k + 2. By the interpolation result (|3.7p . we have {i ^ 0) 



'M 



V^Rm\^dg 



1/2 



I V(2fe+4) 

|V''i?m|(2'=+4)Adg 1. < Cmax|i?m|i-*/('=+2' 



V(2fc+4) 



and doing the same for j, it follows 



< C max I Rm I 



1^ |V*^+2i?m|2dg| ^ 1^ |V*^i?m|2dg| 
By the interpolation inequality (j3.8p and Young's inequality, 

Jm Jm Jm 

for any l<i<A: + 2. It follows that 

|- / \^^Rm\^dg<-\ \V''+^Rm\^dg + C f \V^+^Rm\^dg 
(^i Jm Jm Jm 

<„/" l^'^+^Rmfdg + e f Rm\^ dg + C ( \Rm\^dg 

Jm Jm Jm 

<-\l \y''^^Rm\^dg + C [ \Rm\^dg. 
2 Jm Jm 

(3.9) 



1/2 



□ 



4 Formation of singularities along the Calabi flow 

In this section we study the formation of singularities along the Calabi flow with 
uniformly bounded Sobolev constants. In particular we will prove Theorem ll.il 
and use it to prove some general properties. Note that the Calabi flow is a 
fourth order parabolic equation, the maximum principle is not applicable in 
general. The tools we use are the integral estimates proved in Section 3 and 
Sobolev inequalities. First we need a Sobolev inequality for tensors. First recall 
the Sobolev inequality on a compact Riemannian manifold (Af, g) of dimension 
m; there exists a constant Cg = Cs{M,g) such that 

< Cs (IIV/IU2 + Vol-'/n\f\\L-) , (4.1) 

where Vol denotes the volume of (M, g). Note that the Sobolev inequality (|4.ip 
is scaling invariant. 

Lemma 4.1 (Sobolev inequality for tensors). Let {M,g) he a compact Rieman- 
nian manifold of dimension m with fixed volume, and let T he any tensor on 
M . Then the Soholev inequality holds for T , namely, 

||r|L2W(™-2) < c,(||vr|U2 + yori/^iiTiu^). 

Proof. Denote / = |T|, the Sobolev inequality for functions gives that 

< c,(||v/|U. + Foz-i/^ii/iuo- 

Since |V/| = |V|r|| = \V{T,TY/\ and when |r| ^ 0, 

|v(r,T)V2|^iZIiIl<|vr|. 



If |T|0 vanishes at some point, take / = {T, T) + e and apply the Sobolev 
inequality for /, then let e ^ 0. This completes the proof. □ 

Now by the integral estimates derived in Section 3, we can prove 

Lemma 4.2. // the curvature tensors and the Sobolev constants evolved are 
hoth uniformly bounded in [0, T) (T < 00 ), then all derivatives of curvature are 
hounded (independent of time T). 

Proof. Recall that 

^ |V'=i?m|2dg < |V^+2i?m|2dff + C j^^ \Rm\''dg, 
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if the curvature tensor is uniformly bounded by Theorem 13.11 For any to G 
[0,r- 1) denote 



where i G [0, 1]. Then we will have 

k ^ k 



dFk 
dt 



< 



< 



< 



< 



k k / 

V^f-l / \V'Rm\^dg + y^f [~- j \V'+^ Rm\^ dg + C [ \Rm\^dg 
y^t'f^lf \V'+^Rm\^dg + {i + l) [ \V'+^Rm\^dg]+C [ \Rm\^dg 
Vff-i/ \V'+^Rm\^dg + C [ \Rm\^dg^+c[ \Rm\'^dg 



i=0 

k 



\'Y^t' \ \V'+^Rm\^dg + C f \Rm\''dg. 
4 Jm Jm 



i=0 

It follows that 



Fk{l) = F,{0) + ^dt 

< [ \Rm\^dg{to) + [ C [ \Rm\'^dg 
Jm Jo Jm 

< C f \Rm\''dg{to). 



m 



Since -Ffe(l) ~ J2i=olM |V*-RTOpd5(to + 1), it means norms of all higher 
derivatives of curvature are bounded. With uniformly bounded Sobolev con- 
stants, it implies that all higher derivatives of the curvature are uniformly 
bounded independent of time by Sobolev embedding theorem. □ 



Now, we are ready to prove Theorcm ll.il 

Proof. Consider the Calabi flow in [0, T) with uniformly bounded Sobolev con- 
stants (T < oo). If the curvature blows up when t T, pick up a sequence 
ti T, denote 

Qi = max \Rm\{x,ti) — \Rm\{xi,ti). 

xiEM,t<ti 

Re-scale the metric 

9^{t)=Q^9it/Ql+U)■ 
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Note that the Sobolev inequaUty is scahng invariant. After scahng, the curvature 
tensors are uniformly bounded. It foUows from Lemma [4.21 that ah the higher 
derivatives of the curvature are uniformly bounded for any gi (t) . It is also clear 
that bounded Sobolev constants with bounded curvature tensors imply that 
the injectivity radius is bounded away from zero at any point. One can find a 
nice reference in [35] for all details. Then the pointed manifold {M, gi{t),Xi} 
converges subsequently smoothly to {Moo, <7oo(i), Xoo} in Cheeger-Gromov sense. 
The proof is exactly the same as in the Ricci flow shown by R. Hamilton P^ . 
In particular {goo{t),~oo < i < 0} is an ancient solution of the Calabi flow 

dt 

on the complete manifold (non-compact) M^o ■ Now we consider the convergence 
of the complex structure. By the blowing up process, there is a sequence of 
compact set Ki, Ki C i^i+i, Uif^ = Moo, and a sequence of diffeomorphisms 

: K, ^ C M, 

where the convergence is smooth in Ki^i. Denote Ji — $7^* ° J ° ^i*- If 
necessary, by taking a subsequence, Ji Joo- It is clear that Joo is still a 
complex structure which is compatible with goo{t) for any t. 

When (M, J) is a Kahler surface, we can prove that {Moo, goc{t)} is actually 
extK since the Calabi energy is scaling invariant on Kahler surface. For any 
fixed time t £ (— oo, 0), consider goo{t) as the limit of gi{t / Qf + ti) when i oo. 
We have 

/ / \R,af3\'^dgaodt < lim / / \R,ai3 fdg^{s)ds 

= liia {C{t/Q^,+U)-C{U)} 

i—^oo 

= 0. 



It gives that for any s £ [t,0] 



R,ai3 I dgoo = 0. 



It follows that goo{s) is an extK metric for any s, and so (A/oo: 5oo(s)) are all 
biholomorphic. Let ^oo = 3oo(0). In particular on {Mao, goo), for any smooth 
function / with compact support, the following Sobolev inequality holds for 
some constant Cs = Cs(Afoo, ffoo), 

ll/Lv.-i <C,||V/|U2. (4.2) 

It is also clear that the norm of curvature on (-Afoo,5oo) is bounded. By 
Chen- Weber's work on the moduli of extremal metrics 12J on Kahler surfaces, 
(Moo,5oo) has ALE (asymptotically locally Euclidean) structure at infinity. We 
then finish the proof by showing the following lemma. □ 
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Lemma 4.3. Let (Moo, goo, Joo) be an ALE extK metric with complex dimen- 
sion m> 1, then {Mao, goo, Joo) is scalar flat. 

ALE spaces have been studied often in the hterature. A complete manifold 
{X, g) is called asymptotically locally Euclidean (ALE) end of order t{t > 0) if 
there exists a finite subgroup F C SO{n) acting freely on R"\_B(0, R) and a C°° 
diffeomorphism 'i> : X ^ {M."\B{0, R))/T such that under this identification, 

for any partial derivative of order fc as r — s- cx). We say an end is ALE is of order 
if we can find a coordinate system as above with 

gi] = (5ij+o(l), 
d^'^g,, = o{r~''), 

as r CX3. A complete, non-compact manifold {X,g) is called ALE is X can 
be written as the disjoint union of a compact set and finitely many ALE ends. 
When {X,g) is in addition a Kiihler manifold, T C G/(n/2,C) n SO{n) = 
U{n/2), n — 2m. In particular one can show that an ALE Kahler manifold has 
just one end, as results of Li and Tam |29J. 

Now we are ready to prove Lemma 14.31 

Proof. Let (Afoo,5oo) be an ALE Kahler manifold with an extK metric g^o- 
Since F C U{m), there exists an asymptotic coordinate C"^\B{0, R)/r on the 
ALE end. Through tt : C™\B(0,i?) C™\B(0, i?)/F, the metric can be lifted 
up to C'"\i?(0, i?). If goo is extK, then Vi? is the real part of a holoniorphic 
vector, on C™\i?(0, R), and one can express Vi? as 

™ 9 d 

UZi OZi 

2 — 1 

where /i (1 < « < m) are holomorphic functions on C™'\B{0, R). By Hartgos' 
theorem, one can extend fi to C'"\ Since the metric is ALE, \fi\ vanishes at 
infinity. Now the real part and imaginary part of fi are both harmonic functions, 
the maximum principle implies fi = 0. So Vi? = 0. It follows that i? = const. 
The ALE condition implies that i? has to be zero. □ 

In the following we shall discuss some general properties along the Calabi 
flow using Theorem ll.il First we define type I and type II singularities for the 
Calabi flow. 

Definition 4.4. Suppose the Calabi flow exists in [0, T) for some finite time T 
and the curvature blows up at T. A singularity is called type I if 

linisup |i?mp(T — t) < oo. 
Otherwise it is called a type II singularity. 
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Proposition 4.5. Let T be the maximal existence time of the Calabi flow on a 
Kdhler surface. If T < oo and the Sobolev constant is uniformly bounded, then 
there is no type I singularity. Namely, 

limsup |i?mp(r — t) — oo. 

Proof. If not, then 

limsup I i?mp(T-i) = C 
for some constant C. We can choose a sequence {xi,ti) such that 
Qi := \Rm\{xi,ti) = max \Rm\{y,s) 

0<s<ti,yeM 

and 

lim Q^{T-t,) = C. 

Then 

{M,gi{.s) = Q,g{t, + sQ-'^)} 

converges to one parameter family of maximal bubble (Moo, (?oo(s)) evolved by 
the Calabi flow. By Theorem 11.11 goo{s) is scalar flat and (?oo(s) = 5oo(0) for 
any s. In particular, for any s € (— oo, 0], 

lim Qr^\Rm{x„ti + sQi^)\ = 1. 

i — »C30 

At time ti — Q~'^{s = —1), we have 

lim \Rm{x^,t, ~ Qr^)\''{T ~ (t, - Q;^)) = lim Q^T ~ t,) + 1 = C + 1. 

i — *oo i — *oo 

It contradicts 

limsup |i?mp(T-f) = C. 

It completes the proof. □ 

Theorem 11.11 gives strong restrictions of possible singularities along the Cal- 
abi flow on a Kahler surface with the uniformly bounded Sobolev constants. We 
actually expect that the longtime existence holds for the Calabi flow on Kahler 
surfaces in this case. In this direction we can prove that 

Theorem 4.6. Consider the Calabi flow exists in [0,T) on Kdhler surface with 
bounded Sobolev constants, and in addition if we have 

/ \Rm\Pdg < oo 
Jm 

for any p > 2, then T — oo. 

To prove this theorem, first we derive an estimate on W^''^ norm of the 
curvature. 
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Lemma 4.7. The Calabi flow exists in [0,T) with uniformly bounded Sobolev 
constant. We have 



d_ 

at 



[ \\7Rm\^dg<-l- [ \\/^Rm\^dg+C{p,Cs)\Rm\f/^''^^hC{p,Cs)\Rm\%. 



for any p > 2. 

Proof. Recall the evolution equation 



^[ \VRm\'^dg ^ - [ \V^Rm\^dg+ ( Rm * Rm * Rmdg 
Jm Jm Jm 



+ / Rm * \/Rm * X/^^Rrndg 
hi 



/ \V^Rm\^dg+ / Rm * Rm * Rmdg 
Jm Jm 



M JM 

\/Rm * \/Rm * \/'^Rmdg. 

M 



By Holder inequality we know 
Rm * V'^Rm * \/'^Rmdg 



M 



< / \Rm\\V'^Rm\'^dg 
Jm 

< jy iRmfdg^ iV^Emp-Jd^l 



where 1/p + 1/q = 1. Using Lemma 14.11 (Sobolev inequality for tensors), we 
obtain 

|V2i?m|L4 < Cs{\\'^Rm\L2 + iV^i^mjis). 
Combining the interpolation inequality p.6p in Section 3, we can get 



Rm * V^Rm * V^Rmdg 

M 



< [ \Rm\\W^Rm\^dg 
Jm 

< \Rm\Pdg'j ^^jy |V2i?m|29d5| 



< iRmlLplV^Rmll'ilV^Rmlli^'^^ 

< C\Rm\LpCs{\V^Rm\L2 + \V^Rm\L2)'^''\V^RmfJ;2 

< C\Rm\Lp\V'^Rm\l^^+''^^^ + C\Rm\Lp\V'^Rm\%^, 

where l/2q = a/4 + (1 — a)/2, and so a = 2 — 2/g. It is easy to see 
C\Rm\Lp\V'Rm\l^^+''^/' < RmH^ + C\Rm\%/^^-''\ 

o 

and 

ClRmlLpl'^^Rml^^ < l\\/^Rm\l2 +C\Rm\l„. 
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It gives us that 

Vi?m * VRm * V'^Rmdg 



IM 

We can also estimate 



Vi?m * VRm * V^Rmdg 

M 



< ^|V3i?m|i. + C|i?m|f/(P-'^ + C\Rm\l,. 



< 



< 



/ |V^i?m|Vi?TO|^d5 
Jm 



Recall the interpolation inequality 

where 1/r = 1/s + 1/t. Choose s = q,t — p, it follows that 

/ VRm^VRm^V'^Rmdg <( / \V'^Rm\''dg\ \ [ \Rm\Pdg\ 
Jm Um J Um J 

where 2/q + 1/p = 1. Similarly we can estimate that 
Vi?m * Vi?m * V'^Rmdg 



'M 

Combining these estimates, it follows that 
d 

I M ^ Jm 



< ^|V3i?TO|2, + ClRmlfJ^P'^^ + C\Rm\l,. 



dt 



[ \VRm\''dg<-\ [ \V''Rm\'dg+C{p,Cs)\Rm\'j^J^P~^^+C{p,Cs)\Rm\l,. 
Jm ^ Jm 



for any p > 2. □ 
Now we are in the position to prove Theorem 14.61 



Proof. If T < GO, Lemma 14.71 gives that W^''^ norm of the curvature is bounded 
by LP norm of curvature for any p > 2. If the curvature blows up, we can get a 
sequence {xi,ti) such that 

Qi = \Rm\{xi,ti) = max \Rm\{x,t). 

x£M,t<ti 

Then we know that {M,gi{s) — Qig{ti + Qfs),^^} converges smoothly (in 
Cheeger-Gromov sense) to a maximal bubble {Moo, goo, Xoo}- In particular (?oo(s) = 
5oo(0) for any s € (— oo,0) and goo(O) is scalar flat. Now 

/ iVRmoofdgoo < lim / \VRm\ldgi 
Jm^ Jm 



< lim Qr2 / \\/Rm\^dg = 0. 
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It gives that 

/ |Vi?mocpdgoo = 0. 
It forces that {Moo, goo) is a flat metric. That is a contradiction. □ 

5 Scalar flat ALE Kahler surface 

Suppose {Moo,goc, Joo) is a scalar flat ALE Kahler surface in Theorem ll.il In 
this section we derive some properties of {Mao, 9oo), which will be used crucially 
in proving Theorem 11.21 Many results in this section follow from [TU] . The 
following lemma is due to [TD] . 

Lemma 5.1. M^o is diffeomorphic to an open subset U of M . If bi{M) = 0, 
then bi{Moo) = &3(Moo) = 0, and 63(^00) < b_{M). 

Proof. {Mao, goo) is obtained by a pointed Gromov-Hausdorff limit of re-scaled 
versions of M, and after scaling the curvature is uniformly bounded. Therefore 
the convergence is smooth (in Cheeger-Gromov sense) in any compact subset 
of Moo, by applying suitable diffeomorphisms. Since Moo is a scalar flat ALE 
Kahler manifold with one end, Moo is diffeomorphic to the interior of a compact 
domain U C Moo with smooth boundary S'^/F. And U can then be mapped 
diffeomorphically into Af , resulting in a decomposition 

M « U Us3 /r V 

where U and V are manifolds with boundary, Moo ~ Int{U), and dU = dV = 
S^/r. We have the exact sequence 

-> n*{M) -> n*{u) ® n*{v) n*{s^/T) -> o. 

If bi{M) — 0, the Mayer- Victories sequence implies that both U and V have 
bi = bs = 0, while 

H^{M,R) ^ H^{U,R)<S) H^{V,R). 

Since the analogous statement hold similarly for homology, the intersection form 
of Moo = Int{U) is just the restriction of the intersection form of H^{M) to the 
linear subspace H'^{U) C H'^{M). But the intersection form of Moo is negative 
{W+ = 0), hence 62 (Moo) < b^{M). □ 

First of all (Moo, Joo) cannot have trivial topology. 

Lemma 5.2 ( lOj). Let {Moo, goo) be a simply connected scalar flat ALE Kahler 
metric, then 62 (Moo) 7^ 0. 

The following lemma appears also in [10 implicitly. 
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Lemma 5.3 (Lagrangian condition). If M^o contains some compact 2-sphere 
S, then M contains a sequence of 2-spheres Si corresponding to S. Moreover, 
the homology class of Si satisfies that 

when i —>■ oo, which we call Lagrangian condition for the sequence of Si. 

Proof. (Moo,5oo) is constructed as the pointed limit of {M,gi) after blowing 
up. If Moo contains a compact 2-sphere 5*, then {M,gi) contains a compact 
2-sphere for each i, and after blowing up, the image of Si converges to S. Since 
the scaling factor goes to infinity as i ^ oo, the area of 5*^ with respect to gi 
must tend to zero. By Wirtinger's inequality, we end up with 

|[5,][0,]| < Areag^{S^) ^ 0. 

Hence 

[0][5,;] = [0,][5,] ^0. 

It means Si behaves like a Lagrangian class with respect to [0] when i is big. □ 

The classification of ALE scalar flat Kahler metrics on complete surfaces 
might be too ambitious. But we know much better if {Mao ^ goo) admits a toric 
structure. Following [10] (Proposition 16), we have 

Lemma 5.4. Let (M, [co]) be a compact toric surface. Suppose the Calabi flow 
with the initial metric which is invariant under toric action, if the curvature 
tensor is not uniformly hounded, then we can form a maximal bubble (Afoo,5oo). 
Moreover (Moo,5oo) is toric and H2{Mao,'Z) is generated by holomorphic CP^s 
embedded in Moo. 

We can understand (Moo,goo) in more detail by its toric structure. If 
62 (Moo) = 1, H2iMoo,'^) is generated by a holomorphic CP^s E with self inter- 
section (— fc), then the group F — Zfc and 

fc-2, , 

Hence 

/ \mco\'dgoo = Stt^I^^. (5.1) 

If ^2(^00) = 2, then there is a basis for H2{Moo,'^), represented by a pair of 
totally geodesies and holomorphic CP^s i?i,i?2, in which the intersection form 
becomes 

-k 1 
1 -/ 

for some positive fc > 2 and I > 1 {k > I). Moreover F = Zki-i and 



18 



Hence 



/ \RicoYdgoo = 8^" <^ fc ( 1 

'Moo 



16-^1-7^) (l-T^r^)- (5-2) 




If h2{Mao) = 3, there is a basis for iJ2(Afoo,Z), represented by a triple of 
totally geodesic CP^s Ei,E2,E^^ in which the intersection form is given by 

1 

-J 1 



1 - k 



for some positive i,j,k. Moreover, 



Hence 




11 

1 - 




ijk 

ijk — i ~ k) ^ 

6 Proof of Theorem 11.21 

It is clear from last section that if a maximal bubble is formed along the Calabi 
flow, it has to be very restrictive, in particular with toric assumption. One 
certainly expects that such a bubble cannot be formed along the Calabi flow, 
in particular for some special cases. This actually leads to the fact that the 
curvature cannot blow up along the Calabi flow. In the following we prove 
that the Sobolev constants are uniformly bounded and the bubble cannot be 
formed for the example in Theorem II. 21 The main tools to rule out bubbles are 
the Gauss-Bonnet formula and the signature formula. For a compact smooth 
4-manifold (M, g) , the Gauss-Bonnet formula is 

1 f Aw 12 iw 12 l-R«co| 



and the signature formula is 
1 



W+\' -I- -h — - dg - x(M), 



127r2 



{\W+\'-\WA')dg = T{M). 

M 
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Here R is the scalar curvature and Rico is the traceless Ricci curvature. If M 
admits an orientation-compatible almost complex structure, then 

c? = 2x + 3r. 

The Kahler condition implies 

J M J M 

Suppose M = CP^pCP^ we get 

/ \Rico\^dg^\ I R^dg-8TT^cl = j [ R^dg-iSn^, (6.1) 

and 

/ \W-\'dg^^ f R'dg + 24n^. (6.2) 

If (Moo,5oo) is any ALE 4- manifold with finite group T C 5*0(4) at infinity, 
then the Gauss-Bonnet formula becomes 

5^/„. (l^-l^ + 1"'-!^ + - ^) = x(M., - ± 

and the signature formula becomes 

1 / i\W+\^-\W^\^)dg^^T{AU+r^iSyr), 

where x(-^^oo) is the Euler characteristic of non-compact manifold Afoo and 
r]{S^ /T) is called 77 invariant. When (Moo, (?oo) is scalar flat Kahler, the formulas 
can be reduced to 

and 



127r2 



\W^?diig^ = r{M^) + rjiSyr). (6.4) 



Note that the norm of curvature is scaling-invariant in 4 dimension. If 
{Moo, goo) is a maximal bubble of {M,g), we have 

/ |fficopdg> / |i?^copdgoo, (6.5) 

J A/ JA'/^ 



and 



/ \W-\''dg> f \W-fdgoo. (6.6) 
Jm Jm^ 

To prove Theorem ll.2[ we first show that the Sobolev constants are uniformly 
bounded along the Calabi flow. 
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Lemma 6.1. Let [uj] = 3H - l/2([£'i] + [E2] + [E3]) on CP^pCP^ Suppose 
the initial metric ujq G [lu] satisfies 



( i?2dgo < 327r2(6 + 25/11), 

JM 



then the Sobolev constants of LL}{t) are uniformly bounded from above once the 
Calabi flow exists. 

Proof. The proof is a generalization of Tian's idea for positive constant scalar 
curvature metrics on Kahler surfaces [34j . [35] . Suppose 5 is a Kahler metric, 
the Yamabe constant for the conformal class [g] takes the formula 

So for any m > 0, 

1/2 



(^^^ u^dg^ < JjG\Vu\' + Ry)dg. 



(6.7) 



Note that the inequality ()6.7p holds also for any u since |V|u|| < |Vu| at u ^ 0. 
A calculation [3S1 [TU] shows that 



= [9] 

If the Calabi energy satisfies 



Y,l > dGir^cj - 2 / R^dg. (6.8) 



[ R^dg < 48n^cl, 

J M 



' M 

one can get a priori positive lower bound for Yj^j. Once Yjg] > and Rg is 
bounded a priori, the Sobolev constant is bounded from above by (|6.7[) a priori. 
These two conditions can be checked directly for extremal metrics (or constant 
scalar curvature metrics), see examples in [TU] . 

By a careful analysis, one can generalize this idea to the Calabi flow without 
any bound on scalar curvature. Suppose that 50 S [^]i/2 on CP^pCP^ satisfies 

( R^dgo < 327r2(6 + 25/11). (6.9) 

JM 

Let R be the average of the scalar curvature and let V be the volume of M for 
any metric in (M, [to]), then 

R^V = 327r2(75/ll). 
It is direct to check that (|6.9p is equivalent to 

Rldgo < 52n^cl + ^-R^V, 

M J 
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which we can rewrite as 



J M JM 



I M JM 

By ((O)) . we get that 

> I iR9o-E)'dgo- (6.10) 

J M 

First we show that Yj^Qj has to be positive. Pick up a minimizing sequence Ui, 
and there exist positive — > such that 

It follows that 

{Y[gn]+<^i)\uz\\i= & f \yu,\'^dgQ+ Rg^u^dga. 

JM JM 

So we can get that 

(Y[g„] +e,)|w,|i4 - / {Ra,-R)u',dg = Q\Vu,\l,+R\u,\l,. (6.11) 

J M 



If F[gj,] is negative, by (|6.10p . the left hand side of (|6.1ip is negative for some i 
sufficient large, while the right hand side is positive. Contradiction. 
If Y[gQ] is positive, we can rewrite (|6.7p as 

-y- f iRgo-R}u'dgo < 6Y^^„]Nu\h +RY^^^]\u\l,. 
^[ga] JM 

By the Cauchy-Schwarz inequality, it follows that 

6 R 

\u\l. < — ^ivuli^ + ^ — s^l^li^- 

Hgo] - IRgo - R\l^ Hgo] - \Rgo - Ml^ 

The sobolev constant on a four dimensional Riemannian manifold is defined to 
be the smallest constant Cs such that 

\u\%<CMVu\l.+Vol-'/Mh). 

Note that this definition is scaling invariant. In our case, we can compute that 
Ra/VoI — 207r-\/6/ll for [uj]i/2 and it is scaling invariant. So we can get that 



a < 207rV67TT(>^[so] - \Rgo^R\L^r^- 

Since the Calabi energy is decreasing, the above estimate certainly holds along 
the Calabi flow. □ 

Now we are ready to show the details to rule out bubbles. 
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Proof. Suppose a maximal bubble (Moo, goo) is formed. First we examine the 
group action Z3. Let M be the blown up of CP^ at the points [1 : : 0], [0 : 1 : 0] 
and [0:0: 1]. Then Z3 is generated by the permutation 

P{[zo : zi : 2:2]) = [zi : ^2 : ^o]. 

Note that (Moo, 500) arises by scaling the interior of a small domain Uj. Now 
move this domain by the action of Z3 to obtain the two domains Uj , Uj . If 
after scaling, the distance for Uj to Uj (and so the distance Uj to Uj ) is finite, 
then Cheeger-Gromov limit includes the limits of Uj,Uj . Then {Moo, goo) is 
invariant under the induced Z3 action. Otherwise, three copies of (Moo,5oo) 
will form and therefore we have 

3 / |W^-pd5oo < / \W^\''dg. (6.12) 

and 

3 / Ifficol^d^oo < / \Ricafdg. (6.13) 

In other words, if (|6.12[) or (|6.13[) is not satisfied, then (Afoo,5oo) is invariant 
under the induced Z3 action. This symmetry will simplify the calculation a lot. 

By Lemma [5.11 62 (Moo) < 3 and (Afoo,5oo) satisfies all constraints consid- 
ered in Section 5. We analyze case by case. 

Case 1: 62 (Moo) = 1- Then (Moo, 5oo) contains a holomorphic CP^ with self- 
intersection — k. Suppose (Afoo,5oo) is not invariant under the induced action 
of Z3. By and ([Ol), we get that 

/ |fficopd5oo = 8^2(^i)! (g^4) 

and 

By (ini2D, (Pl^ and (EUD, we get that 

l2n^f^<Lf R^dg + 2ATr\ (6.16) 
k 24 J]^j 

However there is no solution of (|6.16p if the initial Calabi energy 

R^dg < 258.971^. 

M 

It implies that {Moo, goo) is invariant under the induced Z3 action. So 
(Moo,5oo) is diffeomorphic to a domain which is invariant under the action 
Z3. It follows that M contains a sequence of smoothly embedded 2-sphere Si of 
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self-intersection —k, which is invariant under Z3. By (|6.ip . (|6.5p and (I6.14p . we 
can get that 



Stt^^ — < - / R-'dg - 487r 



A: 4 



M 



It follows that 1 < fc < 5. Express the homology class [Si] as 

[S,] ^mH^ n{Ei + E2 + E3). 
The Lagrangian condition gives that 

3m-3n/2-^0, (6.17) 
while the self-intersection condition gives that 

— 3n^ = — fc. 

Suppose that m, n are nonnegative, then we have m < n. It follows that 
2n^ < fc < 5. We get that n = 1, m = 0. Contradiction with (|6.17p . 

Case 2: 62(Moo) = 2. If |r| = 1, H2{M^,'L) has intersection form 

-2 1 
1 -1 

By dO]) (with fc = 2, / = 1) and we compute 

/ \RicQ\^dg^ = 167r^. 

"'Moo 

and 



If |r| > 2, by dSSl), we compute 



/ \W.\^dg^ = 2An^ 



[ \W^\^dg^> 20n^ 



In either case, (|6.12l) does not hold and so [Moot goo) is invariant under the 
induced Z3 action. So M contains a sequence of two embedded 2 spheres Si , Si 
which are both invariant under the action of Z3 with the intersection form 

-fc 1 
1 -I 

We can express the homology classes [Si], [Si] as 

[S,] = miH - ni{Ei + E2 + E3), 
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and 

[S,] = m^H - n2{Ei + E2 + E3). 
The Lagrangian condition gives that (for Si) 

3mi-3ni/2^0. (6.18) 

The self- intersection condition gives that (for Si) 

ml-3nl = -k. (6.19) 

Note that if (mi,ni) is a solution, (— mi,— ni) is also a solution. So we can 
assume that mi > since mi cannot be zero. By (j6.18p . ni > mi + 1. By 
(pT^ we get that fc = 3n? - m? > 3 x 2^ - 1 11. Similarly I > 11. 
However, by (|6.5p and (|5.2|) . we get that 



Z + l\^ / fc+l\^ / l + l\f k + 1 , 



(6.20) 

For fc, ; > 11, fOn)) cannot hold. 

Case 3: b2{M^) — 3. By (|6.3p . we get that 

By the same argument in Case 2, (Moo,<7oo) is invariant under the induced 
action of Z3. It implies that M contains a sequence of three embedded 2- 
sphere Sia, S2a, Ssa which are invariant under the action of Z3. Suppose the 
intersection form is given by 

-i 1 

1 -J 1 
1 - A: 

then the same argument in Case 2 implies that i,j,k > 11. However by 
and 



ijk — i — k J \ ijk — i — k J \ ijk — i — k 

-2('l--Ji±4) ('2--i<i±iL)<2,l, (6,21) 

\ i]k — I — k J \ i]k — I — k J 

For i, j, fc > 11, (|6.2ip cannot hold. 

By the case by case analysis, (Mocffoo) cannot be formed. Then the cur- 
vature cannot blow up along the Calabi flow. It follows that the flow exists 
for all time and converges to an extremal metric in Cheeger-Gromov sense. 
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Namely for any ^ oo, there is a sequence of diffeomorphism such that 
{M,'i'*g.i = g{ti),-^^^J) converge smoothly to {M,goo,Joo), where goc is ex- 
tremal with respect to Joo- But (M, Joo) might not be bi-holomorphic to (M, J). 

We then finish our proof by showing (M, J) is actually biholomorphic to 
(M, Joo). In general this is a very hard problem. The proof follows from [TU] 
(Theorem 27) by using the toric condition carefully and the classification of 

complex surface. Theorem 27 in [10] states only for M - CP^pCP^ but the 
proof holds for all toric Fano surfaces. The key is that in the limiting process, 
the torus action converges and (M, goo, Joo) is still toric. Moreover, the 2-torus 
action for (Af, goo, Joo) is holomorphic with respect to Joo. The readers can refer 

to [Id] for details. We shall sketch a proof as follows. When M ~ CP^ti3CP^ 
each of holomorphic curves H, Ei,E2, is the fixed point set of the isometric 
action of some circle action of 2-torus, and so each is totally geodesic with re- 
spect to the metrics along the Calabi flow. By looking at the corresponding fixed 
points set of the limit action of circle subgroups, we can find corresponding to- 
tally geodesic 2-sphere in (M, g^o, Joo) which are the limits of the image of these 
submanifolds. Moreover, these limit 2-spheres are holomorphic with respect to 
Joo and the homological intersection numbers of these holomorphic spheres do 
not vary. Namely, we have still three holomorphic CP^s with self-intersection —1 
as the images of the original exceptional divisors Ei, E2, E3. Thus, by blowing 
down the images of i?i,i?2,£'3 and applying the classification of the complex 
surface, we conclude that (M, Joo) is biholomorphic to CP^ blowup three generic 
points. So there exists a diffeomorphism 5" such that J = Joo. So ^*5oo is 
an extremal metric in the class [uj] for (M, J) . □ 



7 Appendix 



If (M, g, J) is an extK metric on a compact complex surface, the Calabi func- 
tional takes the value 



C(5)- / R^dg 



IM 

^R^ [ dg+ [ [R-Kfdg 

JM JM 



where || is the norm of the Calabi-Futaki invariant of a Mabuchi-Futaki in- 
variant metric [5D] , see [5] for the definition of this norm. We define a functional 
^([w]) depending only the Kahler class 

AM} = 32n'^-^^j^ + m'. (7.1) 

According to Chen |8J, Donaldson 17J, -4([ti']) provides a natural lower bound 
of the Calabi functional and it is realized by an extK metric if there exists such 
a metric in the class \lu] . 
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A key ingredient of our result is to bound the Sobolev constant along the 
Calabi flow. In [34], [35], Tian made a shrewd observation that one can bound 
the Sobolev constants a priori for positive cscK metrics on Kahler surfaces with 
ci > if the Kahler class satisfies 

3 M 

This observation was generalized to extK metrics on Kahler surfaces with ci > 
[12] if the Kahler class satisfies the condition 

AStt'^cHM) ~ A{[0]) > 0. (7.3) 

Note that if the Futaki invariant is zero = 0), (|7.3p is reduced to (|7.2p . 

We define Tian's cone to be the set of Kahler classes which satisfy (|7.2p and the 
generalized Tian's cone to be the set of Kahler classes which satisfy (17. 3p . 

To generalize these ideas to the Calabi flow, we need that the Calabi energy 
is bounded by 

/ R'dg<B{[u;]), (7.4) 
where the functional S([(jj]) is defined to be 

6([H) - 32vr^ (cl + l^-^^r¥^) + lm\'- (7.5) 



3 [w]2 J 3 

Note that the Calabi functional has a natural lower bound ^([tj]). If (|7.4p holds, 
we have 

Aiicu]) < Biico]). 

It is equivalent to 

which is exactly the generalized Tian's cone condition. 



Consider the Kahler classes [uj]^ = 3H - x{Ei + E2 + E3) on CP^pCP^ It 
is not hard to check that [lu]^ satisfies the generalized Tian's cone condition for 
any x G (0,3/2). Also one can compute 

Biiiol) = 1927r2 + 32^2 (3 - 



3 — 

We can actually prove similar results as in Theorem II. 21 



Theorem 7.1. Let [u],^ ^ 3H - x{[Ei] + [E2] + [E3]) on CP^pCP^ Suppose 
the initial metric luq G [lu] is invariant under the toric action and the action of 
Z3 and 

f R^dgo < B{[u;],), 
Jm 

then the Calabi flow exists for all time with uniformly bounded curvature tensor. 
Moreover, it converges to a cscK metric in the class [lu]^ in the Cheeger-Gromov 
sense. 
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The strategy is similar as in the proof of Theorem 11.21 All details can be 
found in the old version of our paper. Note when x = 1, the existence of Kahler- 
Einstein metric was shown by Siu |31| and Tian-Yau [36] . Recently Arezzo- 

Pacard [5] considered the existence of cscK metrics on blown ups. 

their results imply the existence of cscK metrics in [ujjx for x sufficiently close 

to or 3/2. 
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